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Summary. - The distribution of charged pions from proton-proton

~collisions is combined with the cosmic ray flux and the distri-

bution of electrons from mw-u-e decay to give the production
spectrum of electrons from cosmic ray collisions. The proton-
proton collisions are described by the Landau hydrodynamical
model. Calculations are performed for electron energies be-
tween 20 and 108 GeV. The electron production spectrum is

seen to exhibit approximately an Ee.3'3 behavior, where Ee

is the electron energy. ¢{ /;K(ﬂ"
' N
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1. - Introduction.

Among the possible sources for high energy electrons in
the galaxy are collisions of cosmic ray protons with the
interstellar gas nuclei. The electrons appear as secondar-
ies which result from the decay of pions produced in the
cosmic ray nuclear interactions. This mechanism for electron
production has been investigated by several authors (1-5).
However, most of the calculations have been concerned with
cosmic ray protons of energy less than 100 GeV; in additionm,
several of the calculations have been based upon simplified
models of cosmic ray collisions. Consequently, it was felt
useful to calculate the production spectrum of high energy
secondary electrons using a more sophisticated model of proton-
proton collisions. Because the Landau-Milekhin hydrodynamic
model provides a good description of pion production at high
energies (6), it has been adopted in the calculation.

Section 2 contains the general formulation of the prob-
lem. The pion production and the w=-u-e decay scheme are
discussed in Sections 3 and 4, respectively. The derivation
of the electron production spectrum is given in Sectiomn 35,

and the results of the calculations are presented and dis-

cussed in Section 6.




2. - General formulation.

When cosmic ray protons collide with the interstellar
hydrogen gas, and the collision energy is sufficiently above
the threshold for production of additional particles, charged
pi mesons are produced in abundance. The charged pions
rapidly decay, chiefly into mu mesons and neutrinos. The
muons likewise decay, into electrons and neutrinos. We cal-
culate below the distribution of eleétrqns produced via these
processes.

In the collision of a cosmic ray proton, having energy
Ep, with the interstellar hydrogen, let fpw(Ep’ Ev)dEw
represent the distribution of pions produced that fall in the
energy range EW to Ew + dEW. Let fwe(Ew’ Ee)dEe repre-
sent the distribution of electrons, with energy in the range
Ee to Ee + dEe, produced from the decay of a pion with
energy Ew' Then the distribution of electrons produced per
pion from the collision of a proton of energy Ep is given by

(1) E )dE_ = G £ (E_, ENE (E,

£ _(E, E)| dE_ .
pe p e e T pT P Te> 1’ e

e
The integration extends over all pion energies (for a given
cosmic ray energy Ep) that could contribute an electron with

energy Ee' The number of pions prnduced per unit volume and




time by the collisions of cosmic rays in the energy range
Ep to Ep + dEp with the interstellar gas will be given by

@) N (E)AE = 3(E )no (B )V, (E)AE

where j is the differential cosmic ray proton flux; n, is
the interstellar gas density (protons/cma); ob is the inelas-
tic cross section for proton-proton collisions, and v is
the ?umber of pions produced per collision.

The number of electrons in the range E, to E_+ dEe
produced by cosmic ray protons in the energy range Ep to
Ep + dE? is given by NwdEpfpedEe' Integration over the in-
cident cosmic ray energies gives the total number of electrons

per unit volume and time in the energy range Ee to Ee + dEe

resulting from cosmic ray proton-proton collisions in space:

qe(Ee)dEe - dE N (E)Ef_ (E_, Ee) dE

PT P P& P e

(3)

= |ny| B3 (Ep)op(Ep)vn_(Ep) dE £ (E_,E)f_(E_,E) |dE

mprp’ W e w e

In Sections 3 and 4, respectively, the specific forms of
the pion distribution fpv and the electron distribution fve

are discussed.
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3. - Pion production from proton-proton collisions.

The Landau hydrodynamical model of high energy nucleon-
nucleon collisions describes the nucleons as colliding rela-
tivistic fluids, and their subsequent decay as the expansion
and decomposition of the composite nucleonic fluid into pionms,
nucleons, kaons, etc. This model is theoretically plausible
and, in the light of present cosmic ray data, very acceptable
for incident protons with greater than 50 GeV energy. This

can be seen from a review of some predictions for the model(6-9).

1

The pion multiplicity is predicted to follow an Ep“ law; this
is in agreement with a large portion of available data (10).
Experimental data on the asymmetrical angular distribution of
the produced pions can be reasonably fit by the hydrodynamical
model (6’11), Observations indicate that a large fraction of
the available kinetic energy is carried off by a small fraction
of the collision products. This is also found in the hydro-
dynamical model.

It has been shown (6) that the Landau model predicts the

pion energy spectrum to be of the form

(%) £ (E Eﬂ)-—-ﬁ-—exp(-lznz o
t} »
PT P EF(ZWL)% 2L 2m T
where
(5 L=31 £n(Ep/mp) + 1.6 ,




i
2

(6) ,

E./ + 1
N[LE%___

A 1is a constant equal to 1.1867, and m_ and m, are the
pion and proton rest energy, respectively (the speed of light
is taken as unity throughout). The multiplicity of all charged

pions created (+ and =) 1is expressed by
@)) v =KE %,

From physical comsiderations, the range of energies possi-
ble for the pions produced in a proton-proton collision is re-

i eSS

stricted. The maximum pion energy in the Landau model depends

on the incident proton energy in the manner (6)
@) ' e ™ um T exp [(21)7],
and the minimum pion energy is given by

%) e ™" om rexp [-(20)7] .




4. - Electron spectrum from pion decay.

The energy distribution of electrons from charged pi
meson decay has been developed in detail elsewhere, and to
date calculations have been made for pion energies up to
1011 eV (12). Spectra are presented for several pion energies

¥ s the maximum energy the

in Fig. 1 (solid curves). Ee
electron can attain for a given pion energy. The normaliza-
tion of £ _ is such that [ £ dE = 1,
me Te e
Because the electron distribution follows an essentially

triangular form, it is convenient for high energy electrons

to approximate the distribution by a linear function of Ee’

e e

where both a and b will depend on the pion energy. The
triangular approximation chosen is defined by the conditions
that 1) the distribution function vanishes at Ee = Eemax,
and 1ii) the normalization of fre to unity is retained. The

approximate electron distribution may then be written

: E
‘ 1 -
(10) fve -2 max max\2| °
e e

The dashed lines in Fig. 1 represent f1re as given by eq. (10).




The maximum electron energy is given by (12)

max
(11) Ee = (Eww + Pwv) /t ,
? where Pw' represents the pion momentum, and
3
(12) w=3(r+1/r) , v=i3i(-1/r),
(13) r= mv/m\ .
. . max .
For large pion energies, Ee = E1r The electron dis-
tribution funétion therefore becomes
| | [ &, |
} (14) fma-Z""--ﬁ'—2 .
| : E E
| T T




5. = Electron production spectrum.

In the construction of the electron production spectrum
the usual power law form is assumed for the differential cosmic
ray proton intensity, j(Ep) = K.pEp-n(cm-2 sr-1 GeV“l seé-l).
At high energies the cross section for pion production op is
essentially energy independent. Substitution of these expres-
sions into eq. (3), together with the pion spectrum of eq. (4),
the electron spectrum of eq. (14), and the pion multiplicity

of eq. (7), yields for the distribution of electrons from

cosmic ray collisions

E
p,2
- | -t
qe(Ee)dEe anOpAvaKv dEpEp
L EP:l
(15) .
Ev,Z
E E
1 1 2 T 1 e
> dE ——=—g exp(~ 37 In 5 - —=)1 dE_ .,
T g (ZWL)E ( 2L 2m.1rI’>(E1r E 2) e
T T
E
m,1

To complete the integrations of eq. (15), the regions of
permitted ETr and Ep values must be determined. Energy
momentum conservation restricts the pions that produce elec-

L H
trons of energy Ee .to an energy range E_ (Ee) <E <E] (Ee)'
Similarly, in the proton-proton collisions, there are limita-

A
tions f the proto E E E that
on the energies o ep ns ( o < p < pD)

can give rise to pions within the above pion energy range.




It is possible to deduce expressions for the limiting

energies of pions capable of yielding an electron of energy

in

X and Eem with pion energy,

Ee from the behavior of Ee

max min . -
where Ee and Ee ™ are the maximum and minimum energy
that an electron can acquire from a pion of energy Ev' The

maximum energy an electron can acquire from a pion of energy

Ev was given in eq. (11). The minimum energy is given by (12)

a6 o (Eww - Pwv)/r R Ev > wm
, E -

e m ’ E < wm

e T T

)
Because Eemax increases monotonically with the energy

- E_ of the parent pion, the lowest energy pion contributing to

T

an electron of energy Ee is the pion whose Eemax value
equals Ee' The lowest contributing pion energy is found, by

inverting eq. (11), to be

(Eew - Pev)r R E > wnm
(17) E " = { .

™
m E wm
T ’ e < e

In a similar manner, the highest energy pion that can decay

into an electron of energy Ee is found from the expression

in

for Eem to be

H

- (18) Ew - (Eéw + Pev)r .




For the high energy electrons under consideration, these

expressions reduce to
(19) E_ " =rE s E ~=E (E, >> wm)

The continuous band of pion energies resulting from a
proton-proton collision (evmin < Ew < 8Wmax) was given as a
function of the incident proton energy in eqs. (8) and (9), and
is pictured in Figs. 2 and 3. However, eq. (19) shows that
only pions of certain energies (EWL < ETr < EWH) could pro-
duce an electron of a given energy Ee' The cut off energies,
EWL(Ee) and EWH(Ee), for an electron of energy Ee are
superimfosed in Figs. 2 and 3. This limitation on pion
energy imposes, in turn, a corresponding restriction on the
energies permitted the protons that produce the pioms.

The pion energy limits required to complete the first inte-
gration of eq. (15) suggest a division of the area of EW - Ep

integration into three regions (see Figs. 2 and 3). The

proton energy boundaries of these regions are defined by

max A L min D H
(20) ev (Ep ) = EW R ev (Ep ) ETr ,

min B L max C - H
(21) e, CGED) =B, gl () =ET.

10



It is found that for the high energy protons which we are con-

ideri E 1
sidering ( p/m.p > 1)

L2
(22) EpA/mp - exp {{Af -1 - 3.2} ,
(23 E B/m = J[A%+l.2-32
) p mp = exp 1 e | . } ,
(24)L EC/m =exp dla +42nr)%-l]2°32}
p M T TP U e J i
(25) E%m =exp [ +4 tn r)%+1]2-32}
p /M T TP UV ] i
with
(26) b, =2 mE, e tm /) .

Figures 2 and 3 depict the two possible topologies of

integration, the former corresponding to EpB < EpC and the

latter to EpB > EDC. The topologies coincide at an electron
energy of
27 EeBC_ W J/ 2 exp [—é— Enz(r/e) - 21} R

which is approximately 1000 GeV.

The evaluation of eq. (15) is describe: in Appendix A. It
is found there that regions II and III make no significant con-
tribution to‘ 9e? and may be neglected. The pion and proton

energy limits in eq. (15) are then

11




L max
(28) Ev,l = Ew = Ee , Ev,2 = 8# (Ep) R
! E E A
P>l P
(29)
B BC
EP ? Ee < Ee
E = L]
p,2
C BC
Ep R Ee > Ee

The final expressions derived in Appendix A for the electron
production spectrum q, are rather lengthy and will not be

repeated here.




6. - Results and discussion.

The astrophysical quantities and constants used in the ex-

pression for q, are taken from the suggested values of GINZBURG

4)

and SYROVATSKIIL ( » specifically: n = 2.6, Kn = 2.2 (when Ep

is given in GeV), and K.p = 1.5 (cm-2 sr.'_1 GeV-l sec-l). The
expression for the electron distribution, q,» Was evaluated

on an electronic computer (IBM 7094) for an electron energy

range of 20 to 108 GeV. The results are shown in Fig. 4.

It is seen that the form of the production spectrum resembles

-z(Ee)
(30) qe(Ee)dEe = AenHopEe dE,_ ,

where z(Ee) is a slowly varying function of the electron energy;

to lowest order, z ~ 3.3 and Ae ~ 0.28 (cm-2 sr-1 GeV-1 sec-l).
The spectrum of GINZBURG and SYROVATSKIL (4), which follows

a similar power law but with an exponent of 2.8, is plotted

for comparison in Fig. 4. Both distributions are normalized to

unit nHop. The present results are seen to diverge frqm the

Ginzburg-Syrovatskii curve at high electron energies. 1In a

later GINZBURG-SYROVATSKII paper (5), however, an asymptotic

E -2.64 + 0.5

e dependence is found for electrons at energies

)
greater than about 1 GeV, although there the calculations are

limited to energies less than 35 GeV.

13



Although our interest in this paper is the effect on the
electron production of using a more detailed model of proton- /
proton collisions, an estimate can also be made of the equi-
librium density of secondary electrons, which allows for the ?
various loss mechanisms for the electrons, e.g., magnetic
bremsstrahlung and inverse Compton scattering. Several
authors (1-4,13) have proposed models for the equilibrium elec-
tron density calculation. For high energy electrons in space,
estimates of the energy losses by the various possible mechan-
isms indicate that magnetic bremsstrahlung is the predominant

(13’14). 1f we incorporate our source

dissipative process
function into a model which considers magnetic bremsstrahlung

alone, we find that thevequilibrium electron density Ne(Ee)

in a galactic magnetic field B will be (3,13)
E - (2z+1)
(31) ! Ne(Ee) - ae %_-—i— (31§Ctr0::v>
cm™ SY
where
An_o

(32) a, = 2.64 x 105 2e HP

B, (gauss)

If .z 1is chosen as 3.3, the resultant high energy electron

denéity is within the range of current astrophysical predictions.

14
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APPENDIX A

Below we consider the explicit evaluation of the electron
It is convenient

production spectrum represented by eq. (15).
to rewrite this expression for qq in the form

2

- 1) _ (Z)J
(A.1) q, (E ) dE_ ZnHopAprKTr[fe E_f, dE_
where
E
Ep,2 iq Ty2
E E
®) _ [ P [ -p-1 1,2 “x
4.2) £ dE_ (ZWL)%J dE E_ exp( TR r)
E

JE

and B =1, 2.
The successive transformations

}
z = /n (EW/Zm#F)

(A.3)
and
(A.4) ¢ = —2< 4+ p3L)?
(2r)2
convgrt fe(a) to
.EP:Z
. (A.5) fe“’) - 3(m) P dEpEp%-nr‘-B exp (36°L) [cp(tz) - q>(t1)} ,
E
psl




where ¢ represents the error function

(A.6) o(x) =
JT
0

Numerical evaluation of the behavior of the integrand of
fe(B) in eq. (A.5) shows that it is a rabidly decreasing func-
tion of proton energy for the electron energies under considera-
tion. The contributions from regions II and III to the integral
fe(B) were found to be down by many orders of magnitude from
that of region I, permitting region I to be taken, with no
error in precision, as the sole region of integration.

The limits on the pion energies in eq. (A.S)‘immediately

follow from eq. (28) and are seen to be

A.7) t, = B(%L)% + 1

and

(a.8) =G - DA+ /G0E,
where

(A.9) a_ =% i (E, e ®m /7).

In order to put eq. (A.5) into a homogeneous form, we

recall the definition of L and introduce the variable

(A.10) u= (3L)? .

23




With the definitions

(A.11) twtn-5+28-p> , of=t+p?,
(A.12) gk B - 2m.p5/"'“(mTr VP exp (0.80% ,

e

then fe(B) in eq. (A.5) may be written

in which the 1I's are the integrals

Y2
2
(A.14) Il(ﬁ) 22| due ™ o@u+1),
J
Y1
2
(A.15) Iz(ﬁ) = 2 du ue‘-cu d){(ﬁ - Du+ A /u} .
e
Y1

The new integration limits are seen from eqs. (22), (24), (29),

and (A.10) to be

| “e ]
a2 41 E <EBC
2|%e ] ’ e e
u2 - o
[ 1 BC
1 2 -
3@ + 4 in 1) 1] > E > E,

Remembering that
oG | _2 vy

24



we can solve both of these integrals with the aid of integra-

tion by parts. The first yields directly

u u

’ 1 2
2 2 :
_ - p - 5
(A.17) Il(B) %[e Cu ®(Bu + 1) + Ta © t/a l@(au + a)
) Y2 Y1
Integration by parts of Iz(a) gives
R 1
(A.18) ,® - %[e “o(Zrpu)| + Ty, uy)
Y2
1 uz
-2A B 7|\ 2 A
(A.19) T(a;, up) = e © du(a' - —%)exp -(@'w -(F)
E/ 7 u A
Y1
in which
1 |2 I2
(A.20) g =mp-1 , o =C+p .

Integrals of the form appearing in eq. (A.19) are evaluated in
Appendix B. From the results given there T(ul, u2) may be

written as

25



] 1 2
' -2A B 2\ a A
(A.21) «T(ul, u2) = & - e e {e e [¢<f+ a'u)]
2Ca u
1
oA 2
- 1
SRR
%

g c2na' [ A "2

- a

1 e e e !

+5z e {e [cp(—u + a u)]
Y

1 uz
-2Aea Ae .
+ e @(a— - a u) } .
Y1
Combining eqs. (A.17), (A.18), and (A.21) with eq. (A.13)

provides a complete expression for the electron production

spectrum of eq. (A.1).
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APPENDIX B

An integral of the form
(8.1) I=| % expl-(ex)? - (‘—‘)2
. xz exp cx %

appears in the evaluation of the electron production spectrum

of eq. (A.19). The substitution x = 1/y recasts I as

7~
<4
N
p —
-
I
Coe

It will be seen that an integral of the form of eq. (B.2) also

appears in eq. (A.l19).

With the transformation 2z = c¢/y + ky, I may be re-

written
2 +
a 1/b
1 | c dy c 2 2
B.3) I = X dz exp(- z"+2¢ck) - ¥ — exp|- (;) - (ky) ,
zg+ 1/a
where
(B.4) 2zt acb+ k/b , =z teca+ k/a .
b a

27




Similarly, letting z = c/y - ky gives

Za 1/b
1 2 c dy N 2
(B.5) I=-¢ dz exp(- 2" - 2¢k) + ;E exp| - (;) - (ky)"} ,
zb- 1/a
where
(B.6) zb- = cb - k/b , za- = ca - k/a .

}

Adding eqs. (B.3) and (B.5), and recalling the definition

of the error function ¢, we obtain

]1/a

- /a
i ™ © o5 - )], X

v 1 {2
(B.7) 1= -——-'{ez k[¢<£ + ky) Jl/b

4k y
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